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Abstract. We develop a geometric approach to the study of plane sextics with a 
triple singular point. As an application, we give an explicit geometric description 
of all irreducible maximal sextics with a type E7 singular point and compute their 
fundamental groups. All groups found are finite; one of them is nonabelian. 



1. Introduction 

1.1. Motivation. The subject of this paper is singular complex plane projective 
algebraic curves of degree six (sextics), considered up to equisingular deformation. 
Throughout the paper we assume that all curves involved have at worst simple 
singularities. Formally, the classification of plane sextics can be reduced to a purely 
arithmetical problem, see which can be solved in many interesting cases, see, 
e.g., I. Shimada's lis t |24|| of maximal sextics, or the classification of classical Zariski 
pairs in A. Ozgiiner |22||, or the list of special sextics in A. Degtyarev ||; the general 
impression is that one can answer any reasonable particular question, although the 
complete classification would require an enormous amount of work. Furthermore, 
this arithmetical approach, based on the theory of .fT 3-surfaces, does solve a number 
of problems concerning the geometry of plane sextics, see, e.g., the solution to 
M. Oka's conjecture [|l3| in Degtyarev || and Tokunaga (29], or the classification 
of Z-splitting curves in Shimad a pq] , or the classification of stable symmetries of 
irreducible sextics in Degtyarev S. 

However, more subtle questions, such as the computation of the fundamental 
group of the complement of a sextic, still remain unanswered, as they require a 
much more thorough understanding of the topology of the curve. A great deal of 
efforts has been made lately, see @, @, @, @, @, ||, |@ (see @ for more 
references) in order to compute the fundamental groups of relatively few curves. 
Each time, the main achievement is discovering a way to visualize a particular curve 
and its braid monodromy; once this is done, computing the group is a technicality. 

Apart from a few curves given by explicit equations, most approaches to the 
visualization of plane sextics found in the literature rely, in one way or another, 
to an elliptic pencil in the covering _ftT3-surface. One such approach was suggested 
in Q : one uses a stable symmetry and represents the sextic as a double covering of 
an appropriate trigonal curve. In the present paper, we suggest another approach, 
which is also based on the study of trigonal curves; in the long run, we anticipate 
to be able to use this correspondence to handle all sextics with a triple singular 
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point. Here, we deal with the type E7 singular points and prepare the background 
for types Eg and Eg, which are to be the subject of a forthcoming paper. 

It is worth mentioning that, by now, the approach suggested in [0 is almost 
exhausted, at least if one tries to confine oneself to irreducible maximal trigonal 
curves: the only case that has not been considered yet is that of sextics with two 
type Es singular points. In my next paper, it will be shown that any such sextic 
has abelian fundamental group. Jumping a few steps ahead, I can announce that 
the only irreducible maximal sextic with a type Es singular point and nonabelian 
fundamental group has the set of singularities E§ © A4 © A3 2A2; its group is a 
semidirect product of its abelianization 7L§ and its commutant SL(2, F5). 

1.2. Principal results. Recall that a plane sextic B is called maximal (some- 
times, maximizing), if the total Milnor number fJ,(B) of the singular points of B 
takes the maximal possible value, which is 19 (see U. Persson 23 1, where the term 
was introduced). Maximal sextics are projectively rigid; they are always defined 
over algebraic number fields. 

1.2.1. Theorem. Up to projective transformation (equivalently, up to equisingu- 
lar deformation), there are 19 maximal irreducible plane sextics B C P 2 with simple 
singularities only and with at least one type E7 singular point; they realize 11 sets 
of singularities (see Table || on Page |23|) . 



This theorem is proved in 6.1, where all sextics are constructed explicitly using 
trigonal curves. Alternatively, the statement of the theorem follows from combining 
the results of J.-G. Yang [^7j (the existence) and I. Shimada (the enumeration 
of the sets of singularities realized by more than one deformation family). In this 
respect, it is worth emphasizing that our proof is purely geometric; although not 
writing down explicit equations, we provide a means to completely recover the 
topology of the pair (P 2 , B) and even the topology of the projection (P 2 , B) — > P 1 
from the type E7 singular point. (For the description of the topology of a trigonal 
curve in terms of its skeleton, sec JnJ or [||.) As an application of this geometric 
construction, we compute the fundamental groups 7Ti(P 2 \B) of all curves involved 
and study their perturbations. 

1.2.2. Theorem. With one except ion, t he fundamental group tti(P 2 \ B) of a 
plane sextic B C P 2 as in Theorem 1.2.1 is abelian. The exception is the (only) 
sextic with the set of singularities E7 © 2 A4 © 2 A2 ; its group is given by 

G = (ai,a 2 ,a 3 I [a 2 ,a 3 ] = [c^,/? 3 ] = [ai,a\a 3 ] = 1, i = 1,2,3, 

p 2 ai=a 2 , (aia 2 ) 2 ai = a 2 (aia 2 ) 2 , (aia 3 ) 2 a x = a 3 (aia 3 ) 2 ) , 

where p = a±a 2 a 3 . One can represent this group G as a semi-direct product of its 
abelianization 1§ and its commutant [G,G] = SL(2,Fig), which is the only perfect 
group of order 6840. 

1.2.3. Theorem. For any proper perturbation B' of any plane sextic B as in 



Theorem 1.2.1, the fundamental group 7i"i(P \ B') is abelian. 



Theorems 1.2.2 and 1.2.3 are proved in p/A and 7.2, respectively. 



Although we do not treat systematically reducible sextics (the principal reason 
being the fact that GAP jl8| does not work well with infinite groups), the following 
by-product of our calculation seems worth mentioning (see 6.4 for the proof). 
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1.2.4. Proposition. Let B be a plane sextic splitting into two irreducible cubics 
and having one of the following five sets of singularities £: 



2E 7 g 

E 7 < 



A 5 , 
3 An 



E 7 < 
Ai, 



D12, 

E 7 



E 7 ffiD 5 ffiA 7 , 
A 9 © A 2 © Ai. 



Let G = tti(P 2 \ B). Then, for £ = 2E 7 © A 5 or E 7 © An © Ai, the commutant 
[G, G] is a central subgroup of order 3; in the other three cases, G is abelian. 

1.2.5. Corollary. For any irred ucible sextic B' obtained by a perturbation from 
a sextic B as in Proposition 1.2.4 , the group 7Ti(P 2 \ B') = is abelian. 

Theorems 1.2. 2\ and 1.2.3 and Corollary 1.2.5 provide further evidence to sub- 
stantiate my conjecture that the fundamental group of an irreducible sextic that is 
not of torus type (i.e., not given by a polynomial of the form p 3 + q 2 ) is finite. 



Altogether, Theorem 1.2.3 gives rise to about 250 new sets of singularities that 
are realized by sextics with abelian fundamental groups, and Corollary [1.2.5 adds 
about 70 more. (Recall that, according to Q, any induced subgraph of the com- 
bined Dynkin graph of a sextic B with simple singularities can be realized by a 
perturbation of B; in other words, the singular points of B can be perturbed inde- 
pendently.) Of special interest are the eleven (mentioning only the new ones) sets 
of singularities listed in Table |]. The corresponding curves are included into the so 
called classical Zariski pairs, i.e., pairs of plane sextics that share the same set of 
singularities but differ by the Alexander polynomial. Together with the previously 
known results, see Degtyarev 10 and Eyral, Oka this makes 46 out of the 51 
(see Ozgiiner (22)) classical Zariski pairs. In each of these 46 pairs, the groups of 
the two curves are Z 2 * Z3 and Zq. (For the curves with nonabelian groups, see [ |lC| 
and references there. Note that, formally, all classical Zariski pairs are known, one 
of them being in fact a triple, see p3|, but not all curves have been constructed 
explicitly, hence not all fundamental groups have been computed yet.) 

Table 1. 'New' classical Zariski pairs 



3E 6 

2E 6 © A 5 © Ai 
2E 6 © A 5 



E 6 © An © Ai 
E 6 © A 8 © A 2 © Ai 
E 6 © 2A 5 © Ai 
E 6 © 2A 5 



AnffiA 5 ©Ai 

A 8 © A 5 © A 2 © 2Aj 

3A 5 © Ai 

3A 5 



Another interesting example is the set of singularities 3Ag, which is obtained by 
a perturbation of E 7 © 2Ag. The corresponding curve B ns has a so called special 
counterpart, i.e., a sextic B sp with the set of singularities 3A 6 and 7Ti(P 2 \ B sp ) = 
Z 3 x D14, where D14 is the dihedral group of order 14. (The latter group was 
computed in Degtyarev, Oka fl2|| .) Another, very explicit, construction of a non- 
special sextic B ns with the set of singularities 3Ag was recently discovered in Eyral, 
Oka Jll|, where the group of B ns was also shown to be abelian. The pair (B sp , B DS ) 
constitutes a so called Alexander equivalent Zariski pair: the Alexander polynomials 
of both curves are trivial. We refer to Jll| for the further discussion of special sextics 
and the current state of the subject. 

1.3. Tools and further results. Our principal tool is to blow up the type E 7 
point of the sextic and, after a series of elementary transformations, to consider the 
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result as a trigonal curve in a ruled rational surface. We show that maximal sextics 
correspond to maximal trigonal curves, and the latter can be effectively studied 
using Grothendieck's dessins d'enfants (skeletons in the terminology of the paper). 
In fact, it turns out that a great deal of relevant statements is already scattered 
across and H, and we merely bring these results together and draw conclusions. 

The following intermediate statement seems to be of independent interest: it 
gives an estimate on the total Milnor number u, of a non-isotrivial trigonal curve 
and characterizes maximal curves as those maximizing /i. We refer to §|| for the 



terminology and notation, and to 2.6 for the proof. 



1.3.1. Theorem. Let B be a trigonal curve in the Hirzebruch surface Efc, and 
assume that B is not isotrivial and that all singularities of B are simple. Then the 
total Milnor number fJ,(B) of the singular points of B is subject to the inequality 

H(B) < 5fc - 2 - ^{unstable fibers of B}, 

which turns into an equality if and only if B is maximal. 



It is Theorem 1.3.1 that explains the relation between maximal sextics and max- 



imal trigonal curves: both maximize the total Milnor number. 



1.3.2. Remark. The estimate given by Theorem 1.3.1 does not always hold for 
isotrivial trigonal curves, where n(B) can be at least as large as w 48fc/5. On the 
contrary, each non-simple singular points reduces the upper bound by 1. 

Certainly, the crucial property of the sextics in question is the fact that they 
have a singular point of multiplicity d — 3, where d is the degree of the curve, and 
our approach is an immediate generalization of a similar (although much simpler) 
study of curves with a singular point of multiplicity d — 2, see, e.g., Q and ||. 
The approach should work equally well for all sextics with a triple singular point, 
and we lay the foundation for a further development by completing the necessary 
preliminary calculations for the singular points of type Es and Eg. The precise 
statements concerning these two types will appear in a subsequent paper; the case 
of a D-type point will be considered later. 

1.4. Contents of the paper. In Section |[ we remind a few basic facts concerning 
the classification of maximal trigonal curves in Hirzebruch surfaces. The new result 



proved here is Theorem 1.3.1 



Section ^| introduces the principal tool used in the paper: the trigonal model of 
a plane sextic with a distinguished E-type singular point. Keeping in mind further 
development of the subject, in addition to type E7 appearing in the principal results 



(Theorems 1.2.1-1.2.3), in the auxiliary Sections |3| — 15| we consider as well sextic with 
a singular point of type E@ or Eg. 

In Section [|, we outline the strategy used to compute the fundamental groups, 
cite a few statements from || concerning the braid monodromy of trigonal curves, 
and compute two 'universal' relations present in the group of each curve: the so 
called relation at infinity and monodromy at infinity. As a further extension of 
this analysis of local canonical forms, in Section we compute the homomorphism 
induced by the inclusion of a Milnor ball about an E-type singular point. 



Theorems 1.2.1 and 1.2.2 are proved in Section ^|: we enumerate the trigonal 



models of sextics with a type E7 singular point by listing their skeletons (mainly, 
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the problem is reduced to a previously known classification found in ||); then, we 
use the skeletons obtained to compute the fundamental groups. 

The concluding Section [j] deals with Theorem 1.2.3 : first, we (re-)compute the 



fundamental groups of the perturbations of a type E7 singular point (using the 
same techniques involving trigonal curves and skeletons), and then we apply these 
results, the inclusion homomorphism of Section |^, and the presentations obtained 
in Section |^ to prove the theorem. 

1.5. Acknowledgements. This paper was conceived during my participation in 
the special semester on Real and Tropical Algebraic Geometry held at the Centre 
Interfacultaire Bernoulli, Ecole polytechnique federate de Lausanne. I am thankful 
to the organizers of the semester and to the administration of CIB. 



2. Trigonal curves 

In this section, we cite a few results concerning the classification and properties 
of maximal trigonal curves in Hirzebruch surfaces. The principal reference is ||. 

2.1. Maximal trigonal curves. Recall that the Hirzebruch surface k ^ 0, is 
a geometrically ruled rational surface with an exceptional section E of square —k. 
(Sometimes, the fibers of the ruling are referred to as vertical lines in £&.) A 
trigonal curve is a curve BcSj disjoint from E and intersecting each generic fiber 
at three points. 

In this paper, we consider trigonal curves with simple singularities only. 

A singular fiber (sometimes also called a vertical tangent) of a trigonal curve 
B C St is a fiber of the ruling of intersecting B geometrically at less than three 
points. Locally, B is the ramification locus of the Weierstrafi model of a Jacobian 
elliptic surface, and to describe the (topological) type of a singular fiber we use (one 
of) the standard notation for the singular elliptic fibers, referring to the extended 
Dynkin graph of the corresponding configuration of the exceptional divisors. The 
types are as follows: 

- A*,: a simple vertical tangent; 

- Aq*: a vertical inflection tangent; 

A\ : a node of B with one of the branches vertical; 

- A?,: a cusp of B with vertical tangent; 

A p , D 9 , Eg, E7, Eg: a simple singular point of B of the same type with 
minimal possible local intersection index with the fiber. 

For the relation to Kodaira's classification of singular elliptic fibers and a few other 
details, see Table ^|; further details and references are found in Q . 

The type Aq* , A\ , and A?, singular fibers of a trigonal curve are called unstable, 
and all other singular fibers are called stable. Informally, a fiber is unstable if its 
type does not need to be preserved under equisingular, but not necessarily fiberwise, 
deformations of the curve. 

A trigonal curve is called stable if all its singular fibers are stable. 

The (functional) j -invariant j = j§ : P 1 — > P 1 of a trigonal curve B C £2 is 
defined as the analytic continuation of the function sending a point b in the base P 1 
of £2 to the j-invariant (divided by 12 3 ) of the elliptic curve covering the fiber F 
over b and ramified at F n (B + E). The curve B is called isotrivial if j§ = const. 
Such curves can easily be enumerated, see, e.g., [||. 
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Table 2. Types of singular fibers 



Type of F 


m 


Vertex 


Valency 


A p (D p+5 ), p > 1 


Ip+i (Ip+i) 


oo 


X 


p+1 


A3 CDs) 


Ii (Ii) 


oo 


X 


1 


A3* (E 6 ) 


II (II*) 





• 


1 mod 3 


A* (E 7 ) 


III (III*) 


I 


o 


1 mod 2 


A 2 (E 8 ) 


IV (IV*) 





• 


2 mod 3 



Comments. Fibers of type Ao (Kodaira's Io) are not singular; fibers of type D4 
(Kodaira's Iq) are not detected by the j'-invariant. Fibers of type Ao or D4 with 
complex multiplication of order 2 (respectively, 3) are over the o-vertices of valency 
mod 2 (respectively, over the •- vertices of valency mod 3). The types shown 
parenthetically in the table are obtained from the corresponding A-types by an ele- 
mentary transformation, see the pairs are not distinguishable by the j'-invariant. 

2.1.1. Definition. A non-isotrivial trigonal curve B is called maximal if it has 
the following properties: 

(1) B has no singular fibers of type D 4 ; 

(2) j — has no critical values other than 0, 1, and 00; 

(3) each point in the pull-back J _1 (0) has ramification index at most 3; 

(4) each point in the pull-back j (1) has ramification index at most 2. 

The maximality of a non-isotrivial trigonal curve B C S2 can easily be detected 
by applying the Riemann-Hurwitz formula to the map j§ : P 1 — ► P 1 ; it depends only 
on the (combinatorial) set of singular fibers of B, see M for details. An a lternative 



criterion, based on the total Milnor number, is given by Theorem 1.3.1 proved in 



this paper. The classification of such curves reduces to a combinatorial problem, 



see Theorem 2.3.1 below; a partial classification of maximal trigonal curves in E2 
is found in || . An important property of maximal trigonal curves is their rigidity, 
see ||: any small deformation of such a curve B is isomorphic to B. 

2.2. Elementary transformations. An elementary transformation (sometimes, 
Nagata elementary transformation) of £ p is a birational transformation £ p — * 
£ p +i consisting in blowing up a point P in the exceptional section of £ p followed 
by blowing down (the proper transform of) the fiber F through P. (In the sequel, 
we often omit the reference to 'the proper transform of when it is understood.) The 
inverse transformation £ p +i ---> E p is also called an elementary transformation; it 
consists in blowing up a point P' not in the exceptional section of E p+ i followed 
by blowing down the fiber F 1 through P' . 

Pick affine charts (x p , y p ) in E p and (a^ p +i, y P +i) in S p+ i so that the exceptional 
sections are given by y p = 00 and y p +\ = 00, respectively, the fiber F to be blown 
down is given by x p = 0, and the image of F is the origin x p +\ = y p +i = 0. Then, 
under the appropriate choice of (x p +±, i/p+i), the elementary transformation is the 
change of coordinates 

(2.2.1) x p = x p+ i, y p = y p+ i/x p+1 . 

Let B C E/j be a generalized trigonal curve, i.e., a curve intersecting each generic 
fiber of the ruling at three points but possibly not disjoint from the exceptional 



PLANE SEXTICS VIA DESSINS D'ENFANTS 



7 



section E. Then, by a sequence of elementary transformations, one can resolve 
the points of intersection of B and E and obtain a true trigonal curve B' C Sfe/ , 
k! k, birationally equivalent to B. Alternatively, given a trigonal curve Be ^ 
with triple singular points, one can apply a sequence of elementary transformations 
to obtain a trigonal curve B' C kl ^ k, birationally equivalent to B and with 
A type singular fibers only. 

The j-invariant jg, being defined as an analytic continuation, does not change 
under elementary transformations. One can use this observation to define the j- 
invariant and all related objects (see next section) for generalized trigonal curves, 
as well as for trigonal curves with triple points, not necessarily simple. 

2.3. Dessins and skeletons. The concept of the dessin of a trigonal curve is a 
modification of Grothendieck's idea of dessin d'enfant; it is due to S. Orevkov ]2l[ ], 
with a further development in jll| and ||. 

The dessin of a non-isotrivial trigonal curve B C £& is defined as the planar 
map j^ 1 (Rp 1 ) C S 2 = P 1 , enhanced with the following decorations: the pull- 
backs of 0, 1, and oo are called, respectively, •-, o-, and x-vertices of Tg, and 
the connected components of the pull-backs of (0,1), (l,+oo), and (— oo,0) are 
called, respectively, bold, dotted, and solid edges of Clearly, the dessin is 

invariant under elementary transformations of the curve and, up to elementary 
transformation and isomorphism, the dessin determines the curve uniquely (see, 
e.g., ||; it is essential that the dessin is considered in the topological sphere S* 2 ; 
the analytic structure on S 2 is recovered using the Riemann existence theorem). 

The relation between the vertices of th e dess in Tg and the singular fibers of B 
is shown in Table || (see also Convention 2.3.2 concerning the valencies). The •- 
vertices of valency mod 3 and o- vertices of valency mod 2 are called nonsingular; 
the other •- and o-vertices are called singular, as they correspond to singular fibers 
of the curve. 

The skeleton Skg of a trigonal curve B is the planar map obtained from the 
dessin Tq by removing all x-vertices and solid and dotted edges and ignoring all 
bivalent o-vertices. (Thus, Skg is Grothendieck's dessin d'enfant ([0,1]), with 
the bivalent pull-backs of 1 ignored.) Skeletons are especially useful in the study 
of maximal curves. The skeleton Skg of any maximal curve B has the following 
properties: 

(1) Sk^ is connected; 

(2) each »-vertex of Sk^j has valency 1, 2, or 3; each o-vertex has valency 1 and 
is connected to a ^-vertex. 

Conversely, any planar map Skg C S 2 satisfying (p]), (Eh above extends to a unique, 
up to orientation preserving diffeomorphism of S 2 , dessin of a maximal trigonal 
curve: one inserts a o-vertex in the middle of each edge connecting two »-vertices, 
places a x-vertex ur inside each region R of Sk^, and connects ur by disjoint solid 
(dotted) edges to all •- (respectively, o-) vertices in the boundary dR. 

According to the following theorem, proved in ^|, skeletons classify maximal 
trigonal curves. For further applications of this concept, see 4.2 below and H. 

2.3.1. Theorem. The Sberwise deformation classes (equivalently, isomorphism 
classes) of maximal trigonal curves BcEt with t triple points are in a one-to-one 
correspondence with the orientation preserving diffeomorphism classes of skeletons 
(i.e., planar maps S k C S 2 satisfying conditions ([!]), (0) above) satisfying the count 
given by Corollary 2.5.5| . □ 
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2.3.2. Convention. It is important to emphasize that the skeleton Sk is merely 
a convenient way to encode the dessin T of a maximal curve; Sk is a subgraph of T, 
with some vertices and edges removed and some vertices ignored. For this reason, 
in the further exposition we freely switch between skeletons and dessins; if only a 
skeleton is given, we extend it to the dessin of a maximal curve as explained above. 
Convenient in general, this practice may cause a confusion concerning the valencies 
of the vertices. To avoid this confusion, by the valency of a vertex v we mean one 
half of the conventional valency of v regarded as a vertex ofT. In other words, we 
only count the edges of one of the two kinds present at v. The number thus defined 
is the conventional valency of v in Sk (if v is a vertex of Sk); it also equals the 
ramification index of jg at v. 

2.4. Markings. Recall that a marking at a trivalent "-vertex v of a skeleton Sk (or 
dessin T) is a counterclockwise ordering {ei, e2, 63} of the three edges (respectively, 
bold edges) attached to v. A marking is uniquely defined by assigning index 1 to 
one of the three edges. Given a marking, the indices of the edges are considered 
defined modulo 3, so that = e%, e§ = e2, etc. 

A marking at v defines as well an ordering {e'^e^e^} of the three solid edges 
attached to v. we let e- to be the solid edge opposite to a. 

A marking of the skeleton Sk is a collection of markings at all its trivalent •- 
vertices. Given a marking, one can assign a type i,j G Z3, to each edge e 

of Sk connecting two trivalent vertices, according to the indices of the two ends of e. 
A marking of a skeleton without singular »-vertices is called splitting if it satisfies 
the following two conditions: 

(1) the types of all edges are [1, 1], [2, 3], or [3, 2]; 

(2) an edge connecting a »-vertex v and a singular o-vertex has index 1 at v. 
The following statement is proved in ||. 

2.4.1. Proposition. A maximal trigonal curve BcSt is reducible if and only if 
its skeleton has no singular m-vertices and admits a splitting marking. (Moreover, 
each splitting marking defines a component of B that is a section of £&.) □ 



2.4.2. Remar k. P roposition [2.4. l| is proved by reducing the braid monodromy, 
see Subsection O below, to the symmetric group S3. A marking at a vertex v 
gives rise to a natural ordering {pi,P2,P3} of the three points of the intersection 
F v n B, where F v is the fiber over v, and to a canonical basis {a^a^cks} for the 



fundamental group n\ of the curve, see 4.2 or H for more details. For a splitting 



marking, the point p\ over each vertex v belongs to a separate component, and in 
the abelianization 7Ti/[7ri, 7Ti] there is no relation of the form a\ =02 or ot\ — 013. 
The latter observation, combined with the relation at infinity, see |4.3| below, gives 
one an easy way to find the degree of the corresponding component. 

2.5. The vertex count. Given a non-isotrivial trigonal curve B, denote by 
the total number of ^-vertices (where * stands for either •, or o, or x) in the dessin 
of B, let #*(i), i S N, be the number of ^-vertices of valency i, and let #*(« mod N), 
i G 1>n, be the number of ^-vertices of valency i mod N . 

Assume that B C has double singular points only. Then one has (see M) 



(2.5.1) 



i>0 i>0 i>0 
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(2.5.2) 6k = degj B + 2#.(1 mod 3) + 3# D (1 mod 2) 

(2.5.3) #. + #o + #x >degj s + 2, 



4#.(2mod 3), 



the latter inequality turning into an equality if and only if jg has no critical values 
other than 0, 1, and oo, i.e., if B satisfies condition |2.1.l] (p|). 

2.5.4. Remark. In JilJ| , the number 3fc is called the degree degTg of the dessin. 
(The reason is the fact that generic dessins of degree 3 correspond to plane cubics, 
regarded as trigonal curves in Si.) We define the degree of a skeleton as the degree 
of its extension to the dessin of a maximal curve. In general, for a curve B C 
with t (simple) triple points, one has degTg = 3(k — t), cf. |2.2| . In this notation, 
one can replace 6k with 2degTg in ( 2.5.2 ) and lift the assumption that B should 
have double singular points only. 

Next statement is an immediate consequence of ( [2~5^ -( [Hr3| ). 

2.5.5. Corollary. Let B C Xfc be a maximal trigonal curve. Then the numbers 
of vertices in its skeleton are subject to the identity 

#. + #o(l) + #.(2) = 2(fc-t), 

where t is the number of triple singular points of B. 

Proof. By a sequence of elementary tra nsfo rmations one can convert B to another 
maximal trigonal curve B' C see 2.2, which has double singular points only 

and has the same dessin a s B. Then, it suffices to substitute to ( 2.5.2 ) the first 
expression for degj^ from ( 2.5.1 ), collect (partially for i = 2) the terms with #.(i), 
i = 1,2, 3, and divide by 3. □ 



2.6. Proof of Theorem 1.3.1. First, assume that B has double singular points 
only. Then 



i>0 



(i - l)# x (*) + #o(l mod 2) + 2#.(2 mod 3), 



see Table ^. Substituting to ( 2.5.3 ) the third expression for degj^ from ( 2.5.1 ) 
one obtains the estimate 



(2.6.1) n(B) ^ #. + # + #o(l mod 2) + 2#.(2 mod 3) - 2 

which is sharp if and only if B satisfies condition 



2.1.1 



Substituting to ( |2.5.2| ) 
the first two expressions for deg jg and replacing the valencies of •- and o-vcrticcs 
with their residues modulo 3 (in the range {1,2,3}) and 2 (in the range {1,2}), 
respectively, one obtains the inequalities 



(2.6.2) 2k ^ #. + # (1 mod 2) + #.(2 mod 3), 

(2.6.3) 3fc ^ # + #.(1 mod 3) + # (1 mod 2) + 2#.(2 mod 3), 

which turn into equalities if and only if the dessin of B has no »-vertices of valency 
greater than 3 (for (2.6.2)) or no o-vcrtices of valency greater than 2 (for ( [2.6.3|)) , 
i.e., if B satisfies conditions 2.1.1(|) or (|J), respectively. Combining this with (2.6.1) 
and taking into account the fact that #•(! mod 3) + # (1 mod 2) + #.(2 mod 3) 
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is the number of unstable fibers of _B, one obtains the desired inequality. The 



equality holds if and only if B is maximal, as the remaining condition 2.1.1| (|1|) 
holds automatically. 

If B has triple points, one can remove them one by one and use induction. Let P 
be a triple point of B and let B' C Sfc-i be the curve obtained from B by the 
inverse elementary transformation centered at P. If P is of type D4 (and hence B 
is not maximal), then n(B) = fJ-(B') +4 and the inequality for B' turns into a strict 
inequality for B. In all other cases, B and B' are or are not maximal simultaneously. 
If P is of type D p , p ^ 5, then n(B) — n(B') + 5 and the unstable fibers of B' 
are in a one-to-one correspondence with those of B. If P is of type Eg, E7, or Eg, 
then fi(B) — /i(-B') + 6 and, on the other hand, B 1 has one extra unstable fiber 
compared to B (of type Aq*, A*, or Aj, respectively). In both cases, the defect 
in the inequality for B' is the same as the defect in the resulting inequality for £?, 
and the statement follows. □ 

3. Plane sextics 

The bulk of this section deals with the trigonal models of plane sextics, which are 
the principal tool in both the classification and the computation of the fu ndamental 
group. To facilitate the classification, we also prove Proposition |3.1.l| , restricting 
the sets of singularities of irreducible maximal sextics. 

3.1. Irreducible maximal sextics. Recall that a plane sextic B is called maxi- 
mal if its total Milnor number fi(B) takes the maximal possible value 19. 

3.1.1. Proposition. An irreducible maximal plane sextic cannot have a singular 
point of type T>2k, k ^ 2 or more than one singular point from the following list: 
A 2k +i, k ^ 0, D 2 fc+i, k ^ 2, or E 7 . 

Proof. Formally, one can derive the statement from Yang's list |^7) of the sets of 
singularities realized by irreducible maximal sextics. For a more conceptual proof, 
consider the double covering of the plane ramified at the sextic and denote by X its 
minimal resolution of singularities. It is a if3-surface. Let L = H2(X), let £ C L 
be the sublattice spanned by the classes of the exceptional divisors contracted by 
the projection X — ► P 2 , and let S — £ (h), where h is the class realized by the 
pull-back of a generic line. One has h 2 = 2 and £ is the direct sum of (negative 
definite) irreducible root systems of the same type (A-D-E) as the singular points 
of the sextic. Let S D S be the primitive hull of S in L. As shown in [Q, the 
quotient S/S is free of 2-torsion. Hence, the 2-torsion of the discriminant groups 
discr S — discr E © Z2 and discr S coincide. On the other hand, discr S = discr S 1 - 
and, since rkS^ = 2, the 2-torsion of discr E must be a cyclic group. □ 



3.2. Trigonal models: the statements. In Propositions 3.2.1, 3.2.2 and 3.2.4, 
we introduce certain trigonal curves birationally equivalent to plane sextics; these 
curves will be called the trigonal model of the corresponding sextics. Proofs arc 



given in 3.3 - 3. £ below 



3.2.1. Proposition. There is a natural bijection </>, invariant under equisingular 
deformations, between the following two sets: 

(1) plane sextics B with a distinguished type Eg singular point P, and 

(2) trigonal curves B C E3 with a distinguished type A\ singular fiber F. 
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A sextic B is irreducible if and only if so is B — 4>(B) and, with one exception, B 
is maximal if and only if B is maximal and has no unstable fibers other than F. 
(The exception is the reducible sextic B with the set of singularities Eg © E7 © D4; 
in this case, 4>(B) is isotrivial.) Furthermore, for each pair B, B = <fi(B), there is 
a diffcomorphism 

P 2 \(5UL)~S 3 \(5UI?U F). 
where L is the line tangent to B at P and E is the exceptional section. 

3.2.2. Proposition. There is a natural bijection (j>, invariant under equisingular 
deformations, between Zariski open (in each equisingular stratum) subsets of the 
following two sets: 

(1) plane sextics B with a distinguished type E7 singular point P and without 
linear components through P, and 

(2) trigonal curves B C S3 with a distinguished type Ai singular fiber F and 
a distinguished branch at the corresponding type Ai singular point of B. 

A sextic B is irreducible if and only if so is B = <fi(B), and B is maximal if and 
only if B is maximal and stable. Furthermore, for each pair B, B — 4>(B), there is 
a diffcomorphism 

P 2 n (B U L) £3 \ (B U E U F), 
where L is the line tangent to B at P and E is the exceptional section. 

3.2.3. Remark. Thus, one should expect that, in many cases, a maximal stable 



pair (B, F) as in Proposition 3.2.2 (p|) would correspond to two deformation classes 
of sextics. This is ind eed the case, see the sets of singularities marked with a * in 
Table H in Subsection 6.1. Arithmetically, this phenomenon is probably due to the 



fact that the discriminant group discrS 1 has two essentially different copies of (i) 
namely, those coming from discrEy and from discr(/i). For details, see Q]. 

3.2.4. Proposition. There is a natural bijection (j>, invariant under equisingular 
deformations, between Zariski open (in each equisingular stratum) subsets of the 
following two sets: 

(1) plane sextics B with a distinguished type Eg singular point P, and 

(2) trigonal curves B C £4 with a distinguished type A5 singular fiber F. 

A sextic B is irreducible if and only if so is B = <fi(B), and B is maximal if and 
only if B is maximal and stable. Furthermore, for each pair B, B = 4>(B), there is 
a diffeomorphism 

P 2 \(5UI)~S 4 \(5U£U F), 
where L is the line tangent to B at P and E is the exceptional section. 



3.2.5. Remark. There are statements similar to Propositions 3.2.1, [3.2.2 , and 



3.2.4 for sextics with a distinguished type D singular point. In this case, one would 



need to keep track of two (three in the case D4) singular fibers of B. 

3.2.6. Remark. Informally, the relation between maximal sextics and maximal 
trigonal curves follows from the fact that both objects are rigid, i.e., curves are 
isomorphic to their small equisingular deformations. Formal proofs are given below. 
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3.3. Proof of Proposition 3.2.1. The bijection <\> and the diffeomorphism in 



the statement are given by a birational transformation P —■* S3, so that B is the 
proper transform of B: one blows up the distinguished type Es point P to get a 
generalized trigonal curve B' C Si with a cusp tangent to the exceptional section 
of Ei (the exceptional divisor of the blow-up), and then one applies two elementary 
transformations to make the curve disjoint from the exceptional section, sec 2.2. 

Pick affine coordinates (it, v) in P 2 centered at the distinguished singular point P 
and with the v-axis along the line L in the statement. By the Bezout theorem, B 
intersects L at one more point v = a =/= 0. Hence, up to higher order terms, B is 
given by a polynomial of the form 



(3.3.1) 



(u 3 - v 5 )(v - a). 



In appropriate affine coordinates (x, y) = (x^, 2/3) in S3, cf . 2/2, the transformation 
is given by the coordinate change 



(3.3.2) 



u — x 3 /y, v = x 2 /y 1 



(in particular, it restricts to a biholomorphism P 2 \ L — > S3 \ (E U F)), and the 
proper transform B of B is given by 



(3.3.3) 



(y 2 - x)(x 2 - ay). 



One can see that F = {x = 0} is a type A* singular fiber of B. 

The construction is obviously invertible: given a trigonal curve B c S3 with a 
type A* singular fiber F, one can apply two elementary transformations centered 
at (the transform of) the branch of B not tangent to F and then blow down the 
exceptional section of the resulting Hirzebruch surface Si; the result is a sextic 
with a type Es singular point. 

Since B and B are the proper transforms of each other, it is immediate that 
B is irreducible if and only if so is B. The assertion on maximal curves follows 
Indeed, 



from Theorem 1.3.1 
via jJi{B) 



the total Milnor numbers of B and B are related 
n(B) — 7: the singular points of B are in a one-to-one correspondence 
with those of B, which are of the same type, except that the type Eg point P 
corresponds to the type Ai singular point of B in the fiber F. Hence, B is maximal 
if and only if n(B) = 12. If B is not isotrivial (the isotrivial case is treated in the 
next paragraph), then, taking into account the fact that B does have an unstable 
fiber F, Theorem 1.3.1 implies that the latter equality holds if and only if B is 



maximal and has no other unstable fibers. 

If B is isotrivial, then jg = 1 (as jp = 1, see Table ||) and, in appropriate 
affine coordinates (x,y), the curve is given by the Weierstrafi equation of the form 
y 3 — yxp(x) — 0, degp = 5 andp(0) 7^ 0. (We assume that x = is the distinguished 
type A* fiber F.) Such a curve has singular points of types Ai, D4, and E7 
(corresponding, respectively, to simple, double, and triple roots of the equation 
xp(x) = 0), and the only such set of singularities with the total Milnor number 12 
is E7 © D4 © Ai, the type Ai point being located in F. (Note that this set of 
singularities cannot be realized by a maximal non- isotrivial curve, see |2.1.l| (|l|).) 
All other statements are straightforward. □ 
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3.4. Proof of Proposition 3.2.2. As in the previous proof, the bijection <j> and 
the diffeomorphism are given by a birational transformation P 2 —■* S3: one blows 
up the distinguished type E7 point P to get a generalized trigonal curve B' C Si 
that has a node with one of the branches tangent to the exceptional section of Si; 
then, two elementary transformations centered at this branch produce a trigonal 

12 and (x,y) 



curve B C S3, see 2.2. In appropriate affine coordinates (u, v) in 
in S3, such that L is the u-axis and F is the y-axis, the transformation is given 



by (3.3.2). Up to higher order terms, the defining polynomial of a typical (see 
below) sextic B as in the statement has the form 



(3.4.1) 



(u 2 - v 3 )(u - bv 2 )(v - a), 



a,b = const (the smooth branch of B at P is tangent to L and B intersects L at 
one more point v = a), and the transform B of B is given by the polynomial 

..2 



(3.4.2) 



(y - l)(y - bx)(x -ay). 



One can see that F = {x = 0} is a type Ai singular fiber of B and P = (0, 0) is 
a type Ai singular point. The branch x 2 = ay of B at P is the transform of the 
'separate' branch v — a of B; thus, it is distinguished. 

The inverse construction consists in applying two elementary transformations 
centered at (the transform of) the distinguished branch of B at P, followed by 
blowing down the exceptional section of the resulting Hirzebruch surface Si. 

The assertion on t he correspondence between irreducible and maximal curves is 
proved similar to 3.3. This time, one has n(B) = fi(B) — 6 (the type E7 singular 
point P is replaced with the type Ai singular point P); hence, B is maximal if 
and only if /j,(B) = 13, and Theorem 1.3.1 implies that the latter identity holds if 
and only if B is maximal and stable. Note that B cannot be isotrivial, as it has a 
singular fiber F of type Ai and jg(F) — 00, see Table § 

It remains to show that (f> is defined on a Zariski open subset of each equisingular 
stratum. The only extra degeneration that a sextic B within a given stratum may 
have is that the smooth branch of B at P may become inflection tangent to L. 
Then, the singular fiber F of B is of type A2 rather than Ai. However, from the 
theory of trigonal curves it follows that such a fiber can be perturbed to a fiber of 
type Ai and a close fiber of type A^ ; this perturbation can obviously be followed by 
a one-parameter family of inverse birational transformations S3 — » P 2 and hence 
by an equisingular deformation of sextics. □ 

3.4.3. Remark. At the end of the proof, we essentially show, using deformations 
of trigonal curves, that a line inflection tangent to the smooth branch of a type E7 
singular point of a plane sextic cannot be stable under equisingular deformations 
of the sextic. Alternatively, one can argue that, if such a line were stable, it would 
be a Z -splitting curve in the sense of Shimada |2q| , and refer to the classification 
of Z-splitting c urv es found in |25|. A similar observation applies as well to the end 
of the proof in 3.5. 



3.5. 



Proof of Proposition |3.2.4| . The bijection 

12 



and the diffeomorphism are 
one blows up the distinguished 



given by a birational transformation P — - > S4 
point P to obtain a generalized trigonal curve B' C Si with a branch inflection 
tangent to the exceptional section of Si, and then applies three elementary trans- 
formations centered at (the transforms of) this branch to make the curve disjoint 
from the exceptional section, see 2.2. 
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In appropriate affine coordinates (u, v) in P 2 and [x, y) in S3, such that L is the 
w-axis and F is the y-axis, the transformation is given by 

(3.5.1) u = x A /y, v — x 3 /y. 

A typical (see below) sextic B as in the statement intersects L at two other points 
v = ax, v = 02, a% ^0,21 11,02 7^ 0. Hence, up to higher order terms, its defining 
polynomial has the form 

(3.5.2) {u 3 - v 4 )(«-ai)(w-a 2 ), 
and its transform B C £4 is given by the polynomial 

(3.5.3) (y - l)(x 3 - aiy)(x 3 - a 2 y). 

One can see that F = {x = 0} is a type A5 singular fiber of B. The inverse corre- 
spondence is given by three elementary transformations centered at (the transforms 
of) the type A5 singular point, followed by blowing down the exceptional section 
of the resulting Hirzebruch surface £1. 

The correspondence between irreducible and maximal curves is established as 
above: one has n(B) — /i(B) — 1 (the type Eg singular point P is replaced with a 
type A5 singular point of B); hence, B is maximal if and only if fi(B) — 18, and 



Theorem 1.3.1 implies that the latter identity holds if and only if B is maximal and 
stable. Note that B cannot be isotrivial, as Jb{F) — °°i see Table ^[ 

The only extra degeneration that a sextic B may have within a given equisingular 
stratum is that it may become tangent to L or one of its type A p , p ^ 1, singular 
points may slide into L. Then, the fiber F of the transform B is of type Aq or 
Ag+p, respectively. Such a fiber can be perturbed to a fiber of type A5 and a 
close fiber of type Ag or A p , respectively, and this perturbation is followed by 
an equisingular deformation of sextics. Thus, the bijection <p is well defined on a 
Zariski open subset of each stratum. (An alternative proof of this fact is explained 



in Remark 3.4.3.) □ 



4. The fundamental group 

We outline the strategy used to compute the fundamental groups, explain how 
the braid monodromy can be found, and compute a few 'universal' relations, present 
in the group of any curve in question. 

4.1. The strategy. In this section, we consider a plane sextic B with a distin- 
guished type E singular point P and use Propositions 3.2.1, 3.2.2| , and 3.2.4 to 



transform it to a trigonal curve B C Sfe, k = 3 or 4, with a distinguished singular 
fiber F. (We assume B generic in its equisingular deformation class.) In each case, 
B has a unique singular point in F; it will be denoted by P. The above cited 
propositions give a diffcomorphism 

P 2 \(BUL) = S fc \(BU£U F), 

where L is the line tangent to B at P. Hence, there is an isomorphism 

tti(P 2 \ (B U L)) ^ 7ri(£ fc \ (B U £ U F)) 
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of the fundamental groups. According to E. R. van Kampen |T^] (see also T. Fujita 
p7[), the passage from 7Ti(P 2 \ (B U L)) to 7Ti(P 2 \ B) results in adding an extra 
relation, which can be represented in the form [dT] = 1, where T C P 2 is a small 
holomorphic disk transversal to L and disjoint from B, and [dT] C 7Ti(P 2 \(BUL)) 
is the class of the boundary of T (more precisely, its conjugacy class). Denoting 
by T the image of T in one has 

(4.1.1) tti(P 2 \ B) = 7ri(E fc \ (B U E U F))/[dt]. 

The relation [dT] — 1 is called the relation at infinity; the bulk of this section deals 
with computing this relation. 

The group 7ri(Efc \ (B U E U F)) is computed using the classical Zariski-van 
Kampen method [[l9|. Pick some coordinates (x' , y') in the affine chart E& s (EUF). 
For the further exposition, it is convenient to take 

(4.1.2) x' = 1/x, y' = y/x\ 



where {x, y) are the coordinates about F introduced in 3.3 3.5. Let Fx, . . . ,F r be 
all singular fibers of B other than F, and let Fq be a nonsingular fiber. Pick a 
closed topological disk A in the cc-axis containing all Fj, j = 0, . . . , r, in its interior 
and let A = A \ {Fx, . . . , F r }. (We identify fibers with their projections to the 
base of the ruling.) Pick a topological section s: A — > £/. proper in the sense of ||. 
(For all practical purposes, it suffices to consider a constant section y = c, where c 
is a constant, \c\ 3> 0. In 0, one can find a more formal exposition; in particular, 
it is shown there that the result does not depend on the choice of a proper section. 
A similar approach is found in H.) Let {0:1,02,03} be a basis for the free group 
■np := tti(F \(BUE),s(F )), and let 71, . . . , j r be a basis for the group 7Ti(A°, F ). 
Dragging the nonsingular fiber along a loop jj, j = 1, . . . ,r and keeping the base 
point in s, one obtains an automorphism mj G Aut7r^ , which is called the braid 
monodromy along jj. (Since the reference section is proper, this automorphism is 
indeed a braid.) In this notation, the Zariski-van Kampen theorem states that 

(4.1.3) 7rx(T, k \(BU£UF)) = <ai,a 2 ,a 3 | rrij = id, j = 1,... ,r), 

where each braid relation mj = id, j = 1, . . . , r, should be understood as the triple 
of relations mjipn) — a^, i = 1,2, 3. 

4.1.4. Remark. Since each is a braid and thus preserves 0:10:20:3, it would 
suffice to keep the relations mj{a\) = ct\ and 771^(02) = «2 only. Note however 
that, in a more advanced setting, the braid monodromy does not necessarily take 
values in the braid group, and all three relations should be kept. Besides, following 
the principle 'the more relations the better', often it is more convenient to restate 
the braid relations in the form mj(a) = a for each o € (oi, 02, o 3 ). 

We will also consider the monodromy at infinity Woo, i.e., the braid monodromy 
along the loop dA (assuming that the base point Fq is chosen in <9A). 

4.1.5. Proposition. Let {71,... ,7 r } be a basis for the free group 7Ti(A°,Fo) 
such that 71 . . . 7 r = [dA]. Then the group 7Ti(P 2 \ B) has a presentation of the 
form 

(oi, o 2 , o 3 j mj = id, j = 1, . . . , r, m^ = id, [dT] = l). 
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Furthermore, in the presence of the last two relations, (any) one of the first r braid 



relations m,j = id can be omitted. 



Proof. The presentation is given by ( |4. 1 . l| ) and (4.1.3); the relation — id holds 



since moo = mi ■ ■ ■ m r . For the same reason, any monodromy rrij can be expressed 
in terms of moo and the other monodromies m,j, j ^ jo; hence, the corresponding 
relation can be omitted. □ 

4.1.6. Remark. Note that, unlike, e.g., 0], where the case of a nonsingular fiber 
at infinity is considered, here the relation moo — id does not automatically follow 
from the relation at infinity. Both relations are computed in 4.4| 4~6| below. 



4.1.7. Remark. Usually, it is convenient to take for {71, .. . , j r } a geometric basis 
for the group of the punctured plane A°: each basis element is represented by the 
loop composed of the counterclockwise boundary of a small disk surrounding a 
puncture and a simple arc connecting this disk to the reference point; all disks and 
arcs are assumed pairwise disjoint except at the common reference point. 

4.2. The braid monodromy. The braid monodromy of a trigonal curve B can 
be computed using its dessin (skeleton in the case of a maximal curve); below, we 
cite a few relevant results of ||. 

Recall that the braid group B3 can be defined as (<7i,ct2 | 0i0 2 0i = 0201 02); h 
acts on the free group (ax, a 2 , a^) via 

01 : (ai,a 2 , a 3 ) h-> (axa 2 a± , ax, a 3 ), a 2 : (ax, a 2 , a 3 ) h-> (ax, a 2 a 3 Q! 2 ' 1 , a 2 ). 

Introduce also the element 03 = cr^ 1 a 2 ax and consider the indices of ax, o~ 2 , o~s as 
residues modulo 3, so that 04 = o\ etc. 

The center of B3 is generated by (01 02) 3 - We denote by (3 the image of a braid 
(3 6 IS3 in the reduced braid group B3 /(0102) 3 = 7* 2 * Z3. A braid (3 is uniquely 
recovered from (3 and its degree deg/3 s B3/[B3,B3] = Z. Recall that deg o~i = 1. 

4.2.1. Remark. To be consistent with ||, we use the left action of B3 on the free 
group (ax, a 2 , as)- It appears, however, that the right action is more suitable for the 
braid monodromy, as it makes the map 7Ti(A°) — *■ B3 a homomorphism rather than 
an anti-homomorphism. One can check that, with one exception, all expressions 
involving braids are symmetric modulo the central element (0102) 3 = (020i) 3 - 
Hence, the only change needed to pass to the right action is the definition of 03: it 
should be defined via o\o 2 o^ x . 



As in 4.1, we fix a disk A C P 1 and a proper section s over A. All vertices, 
paths, etc. below are assumed to belong to A. 

For a trivalent »-vertex v of the skeleton Sk of B, let F v be the fiber over v and let 



tt v = nx(F v \ (BUE), s(v)). A marking at v, see 2.4, gives rise to a natural ordering 
{px,P2,P3} of the three points of the intersection F V D B and, hence, to a canonical 
basis {ai, a 2 ,as} for ir v , see Figure [l| which is well defined up to simultaneous 
conjugation of the generators by a power of u\u 2 a?,, i.e., up to the action of the 
central element (01 2 ) 3 € B3. (In the figure, on is a small loop about pi, i = 1,2, 3.) 

We extend the notion of canonical basis to the star of v in the dessin, i.e., to 
the bold and solid edges incident to v, extending to but not including the o- and x- 
vertices. Over these edges, the three points {px,P2,P3} still form a proper triangle, 
see ||; hence, they are still ordered by the marking at v and one can construct the 
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s(v) 




Figure 1. The canonical basis 

loops by combining radial segments and arcs of a large circle. (Alternatively, one 
can define this basis as the one obtained by translating a canonical basis over v 
along the corresponding edge of the dessin.) 

Given two marked trivalent •-vertices u and v of Sk, one can identify n u and tt v 
by identifying the canonical bases defined by the marking. This identification is 
well defined up to the action of the center of B 3 (as so are the canonical bases). If 
u and v are connected by a path 7, one can drag the nonsingular fiber along 7 and 
define the braid monodromy m 1 : tt u — > tt v . Combining this with the identification 
above, one can define the element fh 1 £ B3/ (<7i<72) 3 . In particular, this construction 
applies if u and v are connected by an edge e of Sk; depending on the type of the 
edge, rh e is given by the following expressions: 

(4.2.2) fh[ i)i+ i] = ai, m [i+M ] = a' 1 , and fh[ iA = a l d i ~id i . 



Using these relations, one can compute the reduced monodromy rh 1 for any path 7 
composed of edges of Sk connecting trivalent »-vertices. If 7 is a loop, the true 
monodromy m 7 is recovered from m 7 and the degree degm 7 , which equals the 
total multiplicity of the singular fibers of B encompassed by 7. (The multiplicity 
of a singular fiber F can be defined as the number of the simplest type Aq fibers 
into which F can split.) 

Now, let v be a marked trivalent »-vertex of the dessin of B, and let u be the 
x-vertex connected to v by the solid edge ej. Assume that the valency of u is d, so 
that the singular fiber F u over u is of type A^-i (Aq if d = 1) or D d+4 , see Table ||. 
Let 7 be the loop composed of a small counterclockwise circle around u connected 
to v along e[. Then, in any canonical basis for tx v defined by the marking at v, the 
monodromy m 7 along 7 is given by 

m~ = cfi-i , if F„ is a type A fiber, or 
(4.2.3) 7 1+11 „ 

m 7 = cr i+1 (cti (T2 ) , if F u is a type D fiber. 



4.2.4. Remark. It is obvious geometric ally ( and can easily be shown formally) 
that the reduced monodromy given by ( 4.2.2 ) along the boundary of a d-gonal 
region of the skeleton, when lifted to a braid of appropriate degree, coincides with 
the monodromy about a d- valent x-vertex given by ( f.2.3| ). 



4.3. The relation at infinity and the monodromy at infinity. We keep using 
the notation of 4.1. In order to compute the relation at infinity [dT] = 1, assume 
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that A is the closure of the projection of the disk f and that the reference fiber Fq 
is chosen in d A. 

Dragging a nonsingular fiber along dT and keeping two points in s and <9r, 
one can define the monodromy m along dT as an automorphism of the relative 
homotopy set tti(F \ (BU E), (F n dT) U s(F ),s(F )). Pick a path p connecting 
s(F ) to F n dT in F \(Bl)E). Then one has 

p- [dT] -mip)- 1 = [s(dA)}- 1 . 

This relation holds in any reasonable fundamental group, e.g., in the group of the 
complement of (B U E) in the pull-back of dA. Indeed, when dragged with the 
fiber, the arc p spans a square S shown in Figure]^, disjoint from B and E, and the 
product of the four paths forming the boundary dS (with appropriate orientations) 
is a null homotopic loop. Note that the counterclockwise directions of dT and dA 
(induced from the complex orientations of the respective disks) are opposite to each 
other. 



s(dA) 



771 (p) 



dT 



Figure 2. The square spanned by p 



Since [s(dA)} — 1 in 7r 1 (S fc \ (BUEUF)) (the loop is contractible along s(A)), 
the relation at infinity [dT] — 1 takes the form 



p ■ m(p) 



1. 



The image m(p) of a suitable arc p can easily be found using the local forms given 
by ( 3.3.3[ ), ( 3.4.2; ), and (3.5.3). One can take for T a small disk in the line v = d, 
d = const, so that f is the disk 



(4.3.1) 



{\x\^e, y = x k - 1 /d}, 



and compute the monodromy along the loop x — eexp(27ri/j), 
that, in the co ordin ates (x, y), the 'constant' section s: x' h- > c = 



cx 



t G [0,1]. (Note 
: const is given by 

see ( 4.1.2 ); hence, the base point makes k full tur ns abou t the origin.) 



We omit the details, merely stating the result in Subsections 4.4-4.6 below. 

One can use the same local models to compute the monodromy at infinity m m . In 
other words, moo is the local braid monodromy about F (in the clockwise direction) 
composed with (<Jia2) 3k (due to the fact that the base point makes k full turns 
about the origin). Below, we compute and simplify the group of relations [dT] = 1, 
TOqc = id, which are present in the fundamental group of any curve in question, see 
Proposition 4.1.5| . 



The results of the computation are stated in Subsections 4.4-4.6. We take for 
the reference fiber Fq the fiber F v over a trivalent »-vertex v of the dessin of B 
connected by an edge to the vertex u corresponding to the distinguished fiber F , 
and take for {0.1,0.2,0.3} a canonical basis in 7Tf = n v defined by a marking at v. 
The particular choice of the marking in each case is described below. 
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4.4. The case of type Eg. Assume that P is of type Eg, and hence F is of type 
A*, see Proposition 3.2.1. Let fa be the branch of B at P that is not vertical. Then 
F is an ordinary tangent to fa, see (3.3.3) and (4.3.1), and the relation at infinity is 

(4.4.1) P 3 = a ia l 

assuming that a 2 is represented by a loop about b (so that the edge [v, u] is e 2 at v). 
The monodromy at infinity is — {(Ji<7 2 ) 9 (oio^i) -1 , an d the corresponding 
braid relations are 



Oil 



P 3 (aia 2 )a 3 (a 1 a 2 ) 1 p 3 , 



[a 2 ,p 3 «i 



]=1, 



a 3 



P 3 aiP 3 - 



In view of ( 4.4.1 ), the second relations becomes a tautology and the other two turn 
into 



ol 2 ol\ol 2 1 



and [ai, a 2 ] = 1. 



(4.4.2) a 3 
In particular, a 2 is a central element. 

4.5. The case of t ype E 7. Assume that P is of type E7, and hence F is of type 
Ai, see Proposition 3.2.1 . Then T is tangent to the distinguished branch fa of B 
at P. Unless stated otherwise, we will choose the basis ai, a 2 , a 3 so that 

(*) a 2 and a 3 are represented by loops about the two branches of B at P and 
a 2 corresponds to the distinguished branch fa. In particular, [v, u] is the 
edge e[ at v. 

(Occasionally, we will also consider the case when the generator corresponding to fa 
is 0:3.) Then, the relation at infinity is 



P 



a 2 a 3 a 2 or p — a 2 ct 3 a 2 a 3 a 2 



assuming that a 2 or, respectively, a 3 corresponds to fa. The monodromy at infinity 
is moo = {&icr 2 ) 9 <7 2 2 , the corresponding braid relations being 

[ai,p 3 ] = l and [a,, p~ 3 (a 2 a 3 )] = 1, i = 2, 3. 

Combining the last pair of relations with the relation at infinity, one concludes that 
(assuming that a 2 corresponds to fa) 

(4.5.1) [a2,a 3 ] = l and [ai, p 3 ] — [a*, aja 3 ] = 1, i = 1, 2, 3; 

then, the relation at infinity takes the form 
(4.5.2) 



p 2 ai 



a 2 . 



If the generator corresponding to fa is a 3 , instead of ( 4.5.1 ) and ( 4.5.2 ) one has 

(4.5.3) [a 2 , a 3 ] = [o^, p 3 ) — [a i: a 2 a 3 ] = 1, i = 1, 2, 3, and p 2 ai = a 3 . 

4.6. The case of type Eg. Assume that P is of type Eg, and hence P is of type 
A5, see Proposition 3.2.1. Then T is inflection tangent to each of the two branches 
of B at P, and the relation at infinity is 

(4.6.1) p 4 = {a 2 a 3 f, 

assuming that a 2 and 0:3 are represented by loops about the two branches at P (so 
that [v,u] is the edge e' x at v). The monodromy at infinity is moo = 
and the corresponding braid relations are 

[ai,p 4 ] = l and [a,, p A {a 2 a 3 )~ 3 ] = 1, i = 2, 3. 



12^ 



These relations follow from (4.6.1). 
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5. The inclusion homomorphism 

Here, we compute the homomorphism of the fundamental groups induced by the 
inclusion to P 2 of a Milnor ball M about a type E singular point P of a sextic B. 
These results are used in §[?]. 

5.1. The setup. In order to compute the inclus io n hom omor phism s, we represent 
the sextic B by the polynomial given by ( 3.3.1 ), ( 3.4.1 ), or ( |3.5.2| ), assuming all 
parameters involved real and positive, and generate the group 7i"i(M \ B) by the 
classes of appropriately chosen loops (3\, ^2,^3 in the complement {v = e} \ B, 
where e <C 1 is a positive real constant. (In what follows, we identify the loops and 
their classes.) Each loop (3i, i = 1,2,3, is composed of a small circle Ci about a 
point of intersection {v = e} n B and a path pi connecting a point r*j G Ci to the 
base point, which is a large real number. 

The image of the line {v = e} in is the parabola {x k ~ 1 = ey}. It intersects 



the 'constant' section {y' = c} 
the origin and at the point ro 



{y 



cx 



'} used to define the braid monodromy at 



(xo,yo) — (l/ec,l/e k c k x ). We assume that c is 



also a real constant, <C c <C 1/e, so that yo 3> 0, and take ro for the common base 
point in both the line {v = e} and the reference fiber Fq = {x = xo}. (This fiber 
may differ from the reference fiber considered in the necessary adjustments are 
explained below.) 

Now, consider the fiber F(, i = 1,2,3, passing through rj. (We keep the same 
notation Ci, r^, and pi for the images of the corresponding elements in The 
point Ti is close to a branch of B; let /3- £ ^i(F- \ (B U E),ri) be the element 
represented by a small circle through r*j encompassing this branch. Dragging F[ 
along pi while keeping the base point in pi, one defines the braid monodromy 

: wxiF! \(BU E), n ) -» ir^ \(BU E), r ). 

(One should make sure that pi does not pass through the origin in the line {v = e}.) 
It is immediate that m£(/3|) represents the image of the generator /3, under the 
inclusion homomorphism (c/. Figure ^, where the curve B, the line {v = e}, and 
the section s are drawn in bold, dashed, and dotted lines, respectively; the two grey 
lassoes, one in {v = e} and one in the fiber F[ = Fq, represent the same element of 
the fundamental group). 




Figure 3. Computing the inclusion homomorphism 
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5.2. The case of type E7. The original curve B is given by (3.4.1). All three 
points of intersection of B and the line {v — e} are real, and we take for {j3i, (3 2 , ft} 
a 'linear' basis, numbering the intersection points consecutively by the decreasing 
of the u-coordinates and taking for pi segments of the real line, circumventing the 
interfering intersection points and the origin in the counterclockwise direction. 

All three points of intersection of B and the reference fiber Fo are also real, and 
we choose a similar 'linear' basis {0^,0/2,03} f° r the group tti(Fq \ (BU F),ro). 
Then one has 



ft 



'2- 



ft - Ka 3 ) _1 «i(«2«3)- 



In order to pass to th e ref erence fiber Fo considered in [4.5| and a canonical basis 
{01,02,03} satisfying 4J5(*), one can drag Fq along the arc x — xq exp(7rii/2), 
t £ [0,1], Then a[ 



|4.5.1)), and o 3 



■■ oti, a' 2 = a 2 a 3 a 2 — 03 (we use the commutativity relation 
tt2- Finally, the inclusion homomorphism is given by 



(5.2.1) 



ih 



Oil, 



ft >-> «3, ft >-> (a 2 o 3 ) 1 ai(a 2 a 3 ). 



5.3. The case of type Eg. The curve B is given by ( ft.3.1 ), and the points of 
intersection of B and the line {v = e} are the three roots u = \f^. Let f3 2 , ft} 
be a basis similar to the one shown in Figure [l], with the paths pi composed of 
radial segments and the arcs u — const • exp(±27rzi/3), t g [0, 1]. We assume that 
the generator corresponding to the real branch of B is (3 2 . 

All three points of intersection of B and the reference fiber Fo are real, and we 
choose a 'linear' basis {ai, 02,0^3} as in for the group 7Ti(Fo \(BU F),r ). 
Dragging F along the arc x — xoexp(nit), t £ [0,1], to the fiber {x = — e}, one 



can see that o>i, a 2 , 03 are indeed equal to the basis elements considered in 4.4. 
In these bases, the inclusion homomorphism is given by 



(5.3.1) 



Pi ^ (aia 2 )a 3 (aia 2 ) l , (3 2 i-> oti, /3 3 



a 3 . 



5.4. The case of type ~Eq. The curve B is given by (3.5.2), the intersection 
points of B and {v = elare the three roots u = \/l^>, and we take for {/3i, (3 2 , j3 3 } 
the same basis as in 5^. The basis {01,02, 0^3} in the reference fi ber is chosen 
'linear' as above; these elements do satisfy the conditions imposed in h6. In these 
bases, the inclusion homomorphism is given by 



(5.4.1) 0i h-> (010203)01(010203)" 



ft 



Oil, 



ft !-> (a 2 o 3 ) 1 oi(o 2 o 3 ). 



6. The computation 



In this section, Theorems 1.2.1 and 1.2.2 are proved. Throughout the section, we 
fix the following notation: B stands for an irreducible maximal plane sextic with a 
distinguished type E7 singular point P, and L C P 2 is the line tangent to B at P. 
We denote by B and F, respectively, the trigonal curve corresponding to B and its 
distinguished fiber, see Proposition 3.2.2; Sk stands for the skeleton of B. 



.1. Proof of Theorem 1.2.1 



According to Proposition 3.1.1 , all triple points 
of B other than P are of type Eg or Eg. Let t = 0, 1, or 2 be their number. Then 
Sk has the following properties: 

(1) degSk = 9 — it and Sk has exactly t singular vertices, none of which is o; 



(2) if t = 0, then Sk does not admit a splitting marking (Proposition 2.4.1) 
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Conversely, in view of Theorem 2.3.1, any skeleton Sk satisfying (|l]) and (||) above 
(for some integer t 0) represents an irreducible maximal trigonal curve B as 
in Proposition 3.2.2; hence, it represents two irreducible maximal sextics with a 
distinguished type E7 singular point. 

The distinguished fiber F is located at the center of a bigonal region R of Sk. 
In the drawings below, we show the boundary of R in grey. 

Assume that all »-vertices in the boundary of R are nonsingular. Then R looks as 
shown in Figure |]. This fragment of the skeleton (if present) is called the insertion. 
The two branches of B at the node located in F are in a natural correspondence with 
the two edges of dR; hence, selecting one of the branches (see Proposition 3.2.2 ) 
can be interpreted geometrically as selecting one of the two arcs in the boundary 
of the insertion. 



Figure 4. 

Removing the insertion and patching it with an edge, one obtains another valid 
skeleton Sk' of degree 6 — 3t ^ 6, cf. Figure^. (Note that one has t ^ 1 in this case.) 
The "-vertices of Sk' are in a one-to-one correspondence with the same valency 
vertices of Sk other than the two vertices in dR. Conversely, given a skeleton Sk' 
of degree 6 — 3t ^ 6 with t singular »-vertices, t = 0, 1, one can place the insertion 
at the middle of any edge of Sk' to obtain a new skeleton Sk satisfying (Q) above. 

6.1.1. Lemma. If t = 0, the skeleton Sk admits a splitting marking if and only if 
so does Sk'. 

Proof. It is immediate that any splitting marking of Sk restricts to a splitting 
marking of Sk' and, vice versa, any splitting marking of Sk' extends (uniquely) to 
a splitting marking of Sk. □ 

6.1.2. Remark. This trick, replacing a given skeleton Sk by another skeleton Sk' 
obtained from Sk by removing a certain fragment, appears on numerous occasions 
in the classification of plane sextics and, more generally, in the study of extremal 
elliptic surfaces. It would be interesting to understand if the passage from Sk to Sk' 
corresponds to a simple geometric construction defined in terms of trigonal curves 
or covering elliptic surfaces. At present, I do not know any geometric interpretation. 

Thus, the classification of skeletons Sk satisfying conditions (|l|) and (Q) above 
and containing an insertion can be done in two steps: 

The classification of skeletons of degree 6 without singular vertices and not 
admitting a splitting marking, and the classification of skeletons of degree 3 
with exactly one singular vertex, which is •. This is done in ||, and the 
complete list is presented in Figure ||(a)-(e). 

Placing an insertion with one of the two arcs selected to one of the edges of 
each skeleton Sk' discovered at step one. 

The second step is clearly equivalent to choosing a pair (e, 0), where e is an edge 
of Sk' and is a coorientation of e. Such pairs are to be considered up to orientation 
preserving automorphisms of Sk' C S 2 . All essentially distinct edges e (with the 
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(a) 



(d) 





(b) 



(c) 



(e) 



(f) 



(g) 



Figure 5. 

coorientation o ignored) are shown in Figures |](a)-(e). Taking into account the 
coorientation, one obtains the list given by Table lines 1-9. 

The few remaining cases, when the boundary of R contains singular »-vertices, 



can easily be treated manually using the vertex count given by Corollary 2.5.5 . The 
two skeletons obtained are shown in Figure |^(f), (g), and the corresponding sets of 
singularities are listed in Table [| lines 10, 11. 

Table 3. Maximal sets of singularities with a 
type E7 point represented by irreducible sextics 



# 



Set of singularities 



Figure 



Count 



71"! 



,S" J 



E 7 < 
E 7 < 
E 7 < 
E 7 < 
E 7 ( 
: E 7 ( 
: E 7 ( 
: E 7 ( 
E 7 1 
E 7 1 
: E 7 « 



1 2A 4 © 2A 2 
A12 

A10 © A 2 
<2A 6 



A 8 a 
A 6 a 

E 6 € 
E 6 d 
>E 8 £ 
>2E 6 
E 8 S 



A 4 

A 4 <3 
A 6 
A 4 € 
2A 2 



5(a) 
5(b) 
5(b) 
5(c)- 
5(c)- 
5(c)-3 
5(d)-l 
5(d)-2 
5(e) 
5(f) 
5(g) 



1 

2 _ 

1,1 
2 



6,8 

6_6 

6.3 



(15,0,15) 
(7,2,2) 
(11,0,3) 
(7,0,7) 
(23,2,2) 
(35,0,3) 
(11,2,2) 
(15,0,3) 
(3,0,3) 
(3,0,3) 
(3,2,2) 



The results of the computation are collected in Table ||, where we list the set of 
singularities, the skeleton Sk of B, the number of deformation classes (see below), 
and a reference to the computation of the fundamental group. A set of singularities 
is marked with a * if it is realized by two equisingular deformation classes which 
have the same skeleton but differ by the selected branch of the insertion. (In 



the terminology of Proposition 3.2.2, the two families differ by the distinguished 
branch of B at P.) For completeness, we also list the lattice S 1 - corresponding to 
the homological type of the sextic, see B for the definitions: the notation (a, b, c) 
stands for the quadratic form generated by two elements u, v with u 2 — 2a, u-v = b, 
and v 2 = 2c. The lattice is obtained by comparing two independent classifications, 
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those of curves and of abstract homological types, and taking into account the 
number of classes obtained (see also Shimada pj|). 

The number of deformation classes is listed in the form (n r ,n c ), where n r is 
the number of real curves and n c is the number of pairs of complex conjugate 
curves. (Thus, the total number of classes is n r + 2n c .) Real are the curves whose 
skeletons admit an orientation reversing automorphism of order 2 (with the marked 
arc taken into account); otherwise, two symmetric skeletons represent a pair of 
complex conjugate curves. □ 



6.2. Proof of Theorem 1.2.2. We compute the fundamental groups using the 
strategy outlined in 4.1 and the presentation given by Proposition 4.1.4 As m 
we choose for the reference fiber Fq the fiber F v over a "-vertex v connected by an 
edge to the x-vertex corresponding to F, and consider a canonical basis a.?,, 013} 
for the group ttf = it v defined by an appropriate marking. In most cases, we assume 
that the basis satisfie s |4.5|( *). Then, for all groups, the relations Woo = id and 



[dT] = 1 are given by (4.5.1) and (4.5.2), and the remaining braid relations rrij — id 



are computed using the techniques outlined in |4.2| ; in most cases, just a few extra 
relations suffice to show that the group is abelian. A detailed case by case analysis 
is given in below. 

was handled using GAP Il8|. In most 



A great deal of the calculation in 6.3-3 



cases, we merely input the relations and query the size of the resulting group; hav ing 
obtained six, we know that the group is Zq. In the more advanced case in (^8, we 
quote the GAP input/output in Diagram |To|. 

6.3. Sets of singularities Nos. 2, 5, 7, and 11. Assume that the distinguished 
fiber F has a neighborhood shown in Figure |^. (The leftmost "-vertex can be either 
bi- or trivalent; it is not used in the calculation.) 



-OH3 



Figure 6. 



Assume that the distinguished branch is such that the basis in n v satisfies |4~5| (*). 
(The case when the generator corresponding to the distinguished branch is a 3 is 
treated similarly; alternatively, one can argue that the corresponding fragment is 
obtained from the one considered by the complex conjugation.) Then, the braid 
relation about the type Aq singular fiber represented by the rightmost loop of the 
skeleton is ai — (a^ 1 'ai 0:2)013 (a J 3 a\(X2)~ x ■ In the presence of ( [1. 5.1 ), it simplifies 
to a7 1 a2ai — 03. Let 



(6.3.1) 



G = (ai, 0-2,0-3 1 (4.5.1), (4.5.2), a T a 2 ai = a 3 



Since 02, «3 commute and a^ 1 (a^a^cti = {a\a^), one has a^a^ai = a\a^ . 
Thus, the conjugation by u\ preserves the abelian subgroup generated by a-i and a^, 
and the map t: w 1— > a^ 1 wai is given by 



t: ot2 



OL-i 



Q —2 

a 3 a 2 



Using the non-commutativity relations obtained, one can move all three copies 
of «i in (4.5.2) to the left; this gives a\ — a^ 1 ^ 2 . In particular, t 3 — id and hence 
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a 2 — a 3- Now, it is easy to see that the commutant [G, G] = Z3 is generated by the 
central order 3 element a-ict^ and the abelianization G := G/[G, G] is the group 

ab(ai, 0.2, 03 I «2 — &3> 3(ai+a2) = 0). 

(Here, the bar stands for the projection of an element to the abelianization.) 

For any group ~k\ with central commutant (for example, for any quotient group 
of G above), the map x A y <— > [x,y] € [7Ti,7Ti] is a well defined skew-symmetric 
bilinear form f\ t\\ — > [7Ti,7Ti] (where #1 := "K\I\k\, 7Ti]); clearly, the group is 
abelian if and only if this form is identically zero. In particular, abelian are the 
fundamental groups of irreducible sextics with the sets of singularities Nos. 2, 5, 7, 
and 11 in Table |§ as in this case %% is cyclic and /\ tti = 0. 

6.4. Proof of Proposition 1.2.4 and Corollary |l.2.5| . The arguments in 6J5 



apply as well to a reducible maximal sextic B, provided that the skeleton of the 
trigonal model of B has a fragment shown in Figure [| Such skeletons can be 



enumerated similar to 3.1, placing an insertion to an appropriate edge of one of the 



skeletons of reducible trigonal curves found in H. There are four skeletons with 



a loop, which result in the five sets of singularities listed in Proposition 1.2.4. (In 
one case, there is an extra choice of the singular fiber to be converted to a D-type 
point by an elementary transformation.) 

Figure |^ implies that the two branches of B at P are in the same irreducible 
component; hence, the corresponding sextic B splits into two irreducible cubics 
(at least one having a cusp). Furthermore, analyzing the other possibilities, one 



can deduce that each set of singularities listed in Proposition 1.2.4 is realized by 
a unique, up to complex conjugation, equisingular deformation family of sextics 
splitting into two cubics. (The set of singularities E7Q) Agffi A2© Ai is also realized 
by two other families: one can start from the skeleton marked A 7 © Ai © 2Aq in |^ 
and place the insertion as shown in Figure ^. In this case, the two branches at P 
are in two distinct components of B and, depending on the branch distinguished, 
the corresponding sex tic splits into a quintic and a line or a quartic and a conic.) 
As explained in |6.3|, the fundamental group w\ of each of the curves obtained is a 



quotient of the group G given by (6.3.1), and the commutator form /\ 2 n\ — ► [m, ttj] 



is determined by the value [01,0:2]. Thus, the only question is whether an extra 
relation in the fundamental group implies [oi, 02] = 0; if such a relation does exist, 
tti is abelian; otherwise, tt± = G. The remaining relations are easily found using the 



techniques explained in 4.2. For example, the monodromy along the boundary of the 
2n-gon adjacent to the insertion (assuming that this region does not contain a D- 
type fiber) gives the relation (0102)™ = (0201)"; in G, it simplifies to n[oi, 02] = 0; 
hence, it is a tautology if n = mod 3, and it implies that the quotient is abelian 
if n =/= mod 3. (Note that this region must have an even number of corners, as 
otherwise the relation would imply oi = 02 and the curve wou ld be irreducible.) 



We omit further details; the final result is stated in Proposition 1.2.4. □ 



6.5. Sets of singularities Nos. 3, 6, 8, and 9. Assume that the distinguished 
fiber F has a neighborhood shown in Figure [?]. (The leftmost "-vertex can be either 
bi- or trivalent; it is not used in the calculation.) In other words, we assume that 
one of the regions adjacent to the bigon R containing F is a triangle. Then, from 
Figured ^ follows that the other region adjacent to R is a 3-, 5-, 7-, or 11-gon. 

Over one of the two grey vertices in Figure |?] (depending on the distinguished 
branch) a canonical basis can be chosen to satisfy EO(*). In this basis, in addition 
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o 



Figure 7. 



to ( 4.5.1 ) and ( 4.5.2 ), the singular fibers inside the two regions adjacent to R give 
the relations 



(6.5.1) 



(aia 2 ) m ai = a 2 (a 1 a 2 ) m , (aia 3 ) n ai = a 3 (aia 3 ) n , 



where either m = 1 and n = 1,2, 3,5 or n = 1 and m — 1,2,3,5. (The relations 
are given by (4.2.3); for the second relation in J6.5.1 ), we use the commutativity 
[a2,as] = 1.) Using GAP JT8|, on e can see that, for each pair (m,n) as above, the 
group (ai, 0:2,0-3 | (4.5.1), (4.5.2), (6.5.1)) has order six; hence, it is abelian. 



6.6. The set of singularities E7 © 2Eg (No. 10). In this special case, the 
skeleton of B has no trivalent »-vertices. However, we can choose a basis similar 
to the one shown in Figure [l] and satisfying [4.5| (*) in the fiber Fq over a point in 
the (open) solid edge connecting the x-vertex representing F and an appropriate 
•-vertex. Then, both ( 4.5.l| ) and (4.5.2) still hold and, in addition, the monodromy 
about the type Eg singular fiber close to i*o gives the relations 

o 2 oia 2 o 3 = oia 2 a 3 oi, o 3 oio 2 a 3 = oia 2 a 3 a 2 . 

Using GAP [H , one can conclude that the resulting group has order six; hence, it 
is abelian. 

6.7. The set of singularities E7©2Ag (No. 4). After an automorphism and/or 
complex conjugation, one can assume that the insertion R is as shown in Figure || 
and that a canonical basis over v can be chosen to satisfy |4.5| (*). 



v 



FIGURE 8. The set of singularities E 7 © 2A 6 



Then, in addition to (4.5.1) and (4.5.2), one has relations (6.5.1) with m = n = 3 
(given by the two heptagons adjacent to the insertion) and an additional relation 
a'i = a' 2 a' 3 a2 given by the monodromy along the loop [dS], where S is the region 
shown in Figure S and a' 1; a' 2 , a 3 is an appropriate canonical basis in the fiber 



over v". Connecting v" to v via v' and using (4.2.2), one obtains 



(aia 2 ) 1 ai(aia 2 ), 



(aia 2 ) 1 a 2 (aia 2 ), a 3 = a 3 , 



and, in view of the fact that a 2 and a 3 commute, the relation about [dS] simplifies 
to 

o?i = (a 2 ai)a 3 (a 2 ai) _:L . 
Using GAP pq|, one finds that the group obtained has order six; hence, it is abelian. 
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Figure 9. The set of singularities E 7 © 2A 4 © 2A 2 

6.8. The set of singularities E7 2A4 2A2 (No. 1). After an automorphism 
and/or complex conjugation, one can assume that the skeleton of B is as shown in 
Figure|| and that a can onica l basis over v can be chosen to satisf y 4.5(*). 



Then, in addition to ( 4.5.1 ) and ( 4.5.2 ), one has relations ( 6.5.1 ) with m = n = 2 



(given by the two pentagons adjacent to the insertion) and the relation 



(6.8.1) 



given by the monodromy along the boundary of the triangle S shown in Figure ^. 
The monodromy about the remaining singular fiber contained i n the remaining 
triangular region of the skeleton can be ignored due to Proposition 4.1.5 . Thus, the 
group tti (P 2 s B) is given by 



(6.8.2) (ai,a 2) a 3 | (|4.5.l|) , ( R.5.2D , (|6.8.l|) , (|6.5.l|) with 



2)- 



Denote this group by G. Using GAP [jlSfl , see Diagram [lC], one can see that: 

(1) one has ord G = 41040 = 2 4 • 3 3 • 5 • 19, and the commutant [G, G] is a perfect 
group of order 6840 = 2 3 ■ 3 2 • 5 • 19; 

(2) the only perfec t gr oup o f order 6840 = ord[G, G] is SL(2, Fi 9 ); 

(3) relation (6.8.1) in ( |3.8.2 ) follows from the others (as dropping this relation 
does not change the order of the group); 

(4) the order of each generator a,, i = 1, 2, 3, in G equals 6 • 19; 

(5) the group G is generated by a.\ and oti only, as well as by ot\ and only. 
Due to (||), one can drop relation ( 3.8.1 ); then ( |3.8.2| ) turns into the presentation 
given in the statement of Theorem 1.2.2 . The abelianization of G is the cyclic group 
Z 6 generated by the image a\ of a\. Hence, due to (|j), the map ol\ h- > a{ 9 splits 
the exact sequence 

{1}->[G,G] ->G->Z 6 ->{1}, 

representing G as a semi-direct product of its abelianization and its commutant. 
This completes the proof of Theorem 1.2.2. □ 



6.8.3. Proposition. Let B be an irreducible plane sextic with the set of singu- 
larities E7 2A4 2A2, and let M be a Milnor ball about the type E7 singular 
point of B. Then the inclusion homomorphism m(M 7Ti(P 2 n B) is onto. 



Proof. The statement follows from (^) above and from ( 5.2.1 ), which implies that 
a\ and 013 are in the image of the inclusion homomorphism. □ 



7. Perturbations 



We compute the fundamental groups of all perturbations of a type E7 singular 
point and apply these results to prove Theorem 1.2.3. 
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gap> f := FreeGroup(3) ; ; 

gap> rl := f . 2*f . 3*f . 2~-l*f . 3"-l ; ; 

gap> r2 := (f . l*f . 2*f . 3) ~3/(f . 2*f . 3'2) ; ; 

gap> r3 := f .l*(f . l*f .2*f .3)"3*f .l~-l*(f . l*f .2*f .3) ~-3; ; 

gap> r4 := (f . l*f . 2) ~2*f . l/(f . 2* (f . l*f . 2) "2) ; ; 

gap> r5 := (f . l*f . 3) ~2*f . l/(f . 3* (f . l*f . 3) "2) ; ; 

gap> r6 := f .l*f .3*f .l~-l*f .2*f .l*f .3*f .l"-l/(f .2*f . l*f .3*f .l~-l*f .2) ; ; 
gap> g := f / [rl, r2, r3, r4, r5, r6] ; ; 
gap> Size(g) ; 
41040 

gap> List (DerivedSeriesOf Group(g) , Abelianlnvariants) ; ## [G,G] is perfect 
[ [ 2, 3 ], [ ] ] 

gap> List (DerivedSeriesOf Group(g) , Size); ## order of [G,G] 

[ 41040, 6840 ] 

gap> NumberPerf ectGroups (6840) ; Perf ectGroup(6840) ; ## [G, G] =SL(2 , 19) 
1 

L2(19) 2"1 = SL(2,19) 

gap> Size(f / [rl, r2, r3, r4, r5] ) ; ## drop r6 

41040 

gap> Size(Subgroup(g, [g.l])); ## order of g.l 

114 

gap> Index(g, Subgroup(g, [g.l, g.2])); ## g.l, g.2 generate G 
1 

gap> Index(g, Subgroup(g, [g.l, g.3])); ## g.l, g.3 generate G 
1 



Diagram 10. The GAP output for E 7 ffi 2A 4 ffi 2A 2 

7.1. Perturbations of a type E7 singularity. Let P be a type E7 singular 
point of a plane curve B, let M be a Milnor ball about P, and let B t , t £ [0, 1], be a 
small perturbation of B = which remains transversal to the boundary dM . We 
are interested in the perturbation epimorphism iri(M \ B) -» tti(M \ B t ), t 7^ 0. 

According to E. Looijenga (20), the deformation classes (in the obvious sense) 
of perturbations of a simple singular point P can be enumerated by the induced 
subgraphs of the Dynkin diagram of P (up to a certain equivalence, which is not 
important here). Comparing two independent classifications, one can see that any 
perturbation B t of a type E7 singular point can be realized by a family C t C C 2 
of affine quartics inflection tangent to the line at infinity (see, e.g., Q), so that 
(M,B t ) = (C 2 ,C t ) for each t £ [0,1]. The groups tti(C 2 \ C t ) for such quartics 
are found in ||, and all but five of them are abelian. The sets of singularities 
(perturbations) with nonabelian fundamental group are those listed in Figure |TT| 
and A 2 © 3Ai, which is a further perturbation of D 5 ffi Ai not changing the group. 

A 4 © A 2 A 3 ffi A 2 ffi Ai A 5 ffi Ai D 5 ffi Ai 

Figure 1 1 . Perturbations of E7 with nonabelian fundamental group 

In order to (re-)compute the four nonabelian groups, we realize each perturbation 
by a family B t C S 2 , t £ [0, 1], of trigonal curves with a common type A^ singular 
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fiber F, so that Bq is the isotrivial curve given by y' = x'y' . (We use the same 
coordinates (x', y') as in d4.1.2| ); in fact, S t can be obtained from the family Ct above 
by a birational transformation, similar to 3.3.) Then M \ B t = £ 2 \ (i?t U £U F), 



and the group 7Ti(£ 2 \ (-Bt U E U i* 1 )) can be found using the techniques outlined 
in 4.1, without adding the relation at infinity. 

The skeleton of a typical curve B t , t 7^ 0, which is maximal, is one of those 
shown in Figure [H]. Let u be the o-vertex representing the fiber at infinity F, and 
let v be the »-vertex connected to u. We take F v for the reference fiber, and choose 
a canonical basis {61,62,63} for n v defined by the ma rkin g in which [v,u] is the 
edge ei at v. The b raid monodromy is computed using L2. In each case, there are 



two relations ( 4.2.3| ) given by the x -vertices connected to v by the edges e[ and e 3 . 
For the third x-vertex, if pre sent, one should connect it to v by a solid edge and a 
chain of bold edges and use ( 4.2.2 ) . 
The relations obtained are: 

A 4 © A 2 : 6i6 2 6i = 626162, (6 2 6 3 ) 2 62 = 6 3 (6 2 6 3 ) 2 , 6 2 = 6 3 6 1 6 3 ~ 1 ; 
A 3 © A 2 © Ai: [61,63] = 1, {5i6 2 ) 2 = {6261) 2 , 626362 = 636263; 
A 5 © Ai: [62,63] = 1, (<5i5 2 ) 3 = {626^, 63 = 6 1 6 2 6i 1 ; 
D 5 © Ai and A 2 © 3Ai: [5i, 6 2 ] = [61,63] = 1, 6 2 6 3 6 2 = 6 3 6 2 6 3 . 

7.1.1. Remark. The first group is shown in || to be isomorphic to Z x SL(2, F5). 
The last group is obviously Z x B3. For the group G corresponding to the set of 
singularities A5 © Ai, one can easily deduce that 6f is a central element and then 
obtain a short exact sequence 



{i}^zM/(t 3 -i) 



G 



Z 



{1}, 



the generator of the quotient Z acting on the kernel via the multiplication by t. 
(As a Z[i]-module, the kernel is generated by 62 ) This result also agrees with [pi. 



7.2. Proof of Theorem 1.2.3 . It suffices to study the perturbations of the only 
sextic B with nonabelian fundamental group, i.e., the one considered in |6. ij . The 
set of singularities of B is E 7 © 2 A 4 © 2 A 2 . 

The perturbations of the A-type points can be treated within the framework of 
the paper, using the trigonal model B of B. If one of the two type A4 points is 
perturbed, a monovalent x-vertex appears in one of the two regions adjacent to 
the insertion, see Figure ^; hence, the group gets an additional relation ai = a 2 
or ai = Qf3 (i.e., (6.5.1) with m = or n — 0) and, in view of the commutativity 
relation [a 2 , 03] = 1, becomes abelian. The two cusps of B are interchanged by the 
complex conjugation, and it suffices to perturb the one represented by the region S 
in Figure |9[ Then, a monovalent x-vertex appears in S and the fundamental group 



gets an extra relation aic^a^ 1 = a 2 (instead of (3.8.1)). Thus, the group is a 
quotient of the group G given by ( |6.3.1 ) and hence is abelian, see 6.3. 

Now, consider a perturbation B' of the type E7 point P. Let M be a Milnor 
ball about P. If the group ni(M n B') is abelian, then 7Ti(P 2 \ B') is also abelian 
due to Proposition 6.8.3. For the four nonabelian groups ni(M \ B'), see 7.1, we 



use the description of the inclusion homomorphism found in 5.2. The 'linear' basis 



{Pi, P2, P3} considered in 5.2 differs from the canonical basis {61,62,63} used in 7.1 
by 'half the monodromy about a type E7 singular point: one has 



61 = (Pifc^fciPifofor 1 , 62 = (AAowi&r 1 , s 3 = Pi. 
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Hence, in terms of the Si, the inclusion homomorphism is given by 
s —l -i -i s — l — 1 r 



(We used the commutativity relations ( 4.5.1 ) to simplify the expressions obtained.) 
Now, it remains to express the extra relations in terms of the a-basis, add them 
to the present atio n given by ( 6.8.2 ), and use GAP |lcf| . (In fact, in each of the four 
cases listed in 7.1, the first extra relation alone make the group abelian.) □ 
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